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Abstract. We introduce a new functional inequality, which is a modification of 
log-Harnack inequality established in [21] and |3D] , and prove that it implies the 
asymptotically strong Feller property (ASF) . This inequality seems to generalize 
the criterion for ASF in [T4], Proposition 3.12]. As a example, we show by an 
asymptotic coupling that 2D stochastic Navier-Stokes equation driven by highly 
degenerate but essentially elliptic noises satisfies our modified log-Harnack in- 
equality. 
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1. Introduction 

Dimensional free Harnack inequality was introduced by Wang in to study 
the diffusions on Riemannian manifolds (see also [21 II] for further development). 
Wang type Harnack inequality has been applied to many research problems such 
as studying ultracontractivity and functional inequalities ([231 1221 123 [2S]), short- 
time behaviors of infinite-dimensional diffusions ([H El [IZ]), heat kernel estimates 
([SI E]) and so on. In recent years, this inequality has also been estabhshed and 
applied intensively in the study of SPDEs (see e.g. [231 EH HH [71 |9l [3ll [33] and 
references within). Let {Pt)t>o be a Markov semigroup on a Polish space X, this 
type of Harnack inequality can be formulated as 

(1.1) iPjnx)<iPtn{y)exp[C^it,x,y)], / > 0, 

where a > 1 is a constant, Ca is a positive function on (0, oo)xX'^ with Ca{t, x, x) = 
0, which is determined by the underlying stochastic equation. 
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On the other hand, in some cases Wang type Harnack inequahty is not available, 
so that the following weaker version (i.e. the log-Harnack inequality) 

(1.2) Pt\ogf{x) <\ogPtf{y) + C{t,x,y), f>l 

becomes an alternative tool in the study. In general, according to [301 Section 2], 
(11.21) is the limit version of (II. ip as a — )■ oo. This inequality has been established in 
[21] and [30], respectively, for semi-linear SPDEs with multiplicative noise and the 
Neumann semigroup on non-convex manifolds. [52] shows that stochastic Burgers 
equation driven by additive noises satisfies a log-Harnack inequality. As for the 
research on Wang type Harnack and log-Harnack inequalities on stochastic Navier- 
Stokes type equations, we refer to [33] and [32] . 

To our knowledge, nearly all the stochastic systems in the above literatures is 
forced by nondegenerate noises. It is natural to ask whether a stochastic system 
with degenerate noises satisfies Wang type Harnack or log-Harnack inequality. 
This seems still an open problem. 

The aim of this paper is to study the case of the systems driven by highly degen- 
erate noises. For highly degenerate systems, one is usually not able to prove the 
strong Feller property (see Example 3.15 of [S]). Since Harnack and log-Harnack 
inequality implies strong Feller property ([29], [21]), there is no hope to prove these 
inequalities for highly degenerate systems. On the other hand, many dissipative 
systems such as 2D Navier-Stokes and react ion- diffusion equations driven by highly 
degenerate noises ([HIITSJ) have asymptotically strong Feller property, it is natural 
to ask whether we can establish a functional inequalities which implies the asymp- 
totically strong Feller property. This is the main motivation that we introduce 
the modified log-Harnack inequality, which seems to give a criterion for asymptot- 
ically strong Feller property more general than that in [T^ Proposition 3.12]. This 
inequality also gives some pointwise information on Markov semigroups. 

Definition 1.1 (Modified log-Harnack inequality). Let {Pt}t>o be a Markov semi- 
group on a Polish space X, it satisfies a modified log-Harnack inequality if there 
exist some constants a > 0, (3 > 0, C = C{\x\, \y\) > 0, C = C(|x|, \y\) > and a 
function 6{t) > with limt_i.oo S(t) = such that 

(1.3) Ptlogfiy) < logPtfix) + C\x - yr + S{t)C\x - yf\\D\ogf\\^ 

for any bounded differentiable function / > 1 and x,y & X. Moreover, C and C 
are both continuous w.r.t. |a;| and \y\. 

The main results of this paper are the following Theorem II. 2[ Corollary 11.41 and 
Theorem 11.51 The first two will be proven in section [2l while the last one will be 
shown in section [31 

Theorem 1.2. If a Markov semigroup satisfies a modified log-Harnack inequality, 
then it is asymptotically strong Feller. 
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Hairer and Mattingly gave a criterion for asymptotically strong Feller property 
as the following. 

Proposition 1.3 (Proposition 3.12 in [S]). Let {Pt}t>o be a Markov semigroup 
on X. If {Pt}t>o satisfies the following inequality 

(1.4) \DPJ{x)\<C{\\f\U + 6{t)\\Df\U 

for any bounded difjerentiahle function / : A" — )■ M, where C = C{\x\) > and 
6{t) > with lim S{t) = 0, then {Pt}t>o is asymptotically strong Feller. 

t— >-oo 

The next corollary claims that (11.31) with a = 2 and /3 = 1 implies a gradient 
estimate similar to (II. 4p . Therefore, the modified log-Harnack inequality, in some 
sense, seems to give a more general criterion for asymptotically strong Feller prop- 
erty. Moreover, (II. 3p also provides some pointwise information of the semigroups. 

Corollary 1.4. // a Markov semigroup {-Pt}t>o satisfies (II. 3p with a = 2 and 
(3 = 1, then 

(1-5) \DPJix)\<\\f\\l + C + 6it)C\\Df\\^ 

for any bounded differentiable function f , where C = C{\x\) and C = C{\x\) and 
limt_^oo5(i) = 0. 

The following theorem claims that 2D stochastic Navier-Stokes equation forced 
by degenerate noises satisfies our modified log-Harnack inequality. We need to 
emphasize that those degenerate noises have essential ellipticity effect, see section 
4.5 in [13] for more details. 

Theorem 1.5. Let {Pt}t>o be the Markov semigroup generated by Eq. (13. 2 p in 

section 3 below, a 2D stochastic Navier-Stokes system forced by highly degenerate 
noises, then {Pt}t>o satisfies a modified log-Harnack inequality, which has the exact 
form as in Theorem \3.3\ below. Moreover, {Pt}t>o satisfies (II. 5p . 

Acknowledgements: We would like to gratefully thank Feng-Yu Wang for the 
stimulating and instructive discussions and carefully reading the first draft. We 
also would like to thank Jiang-Lun Wu for the encouragements. Part of the work 
was done during visiting Mathematics department of Swansea University. 

2. Modified log-Harnack inequality and Asymptotically strong 

Feller property 

Let us first recall the interesting conception of asymptotically strong Feller prop- 
erty, which was introduced by Hairer and Mattingly in [H]. For the more details, 
we refer to [Ti] . 

Definition 2.1. Let {dn}n be an increasing sequence of pseudo metrics (pp 7. 
[13]) on a Polish space X. If lim„_j,oo dn{x, y) = I for all x ^ y, then {dn} is called 
a totally separating system of pseudo metrics for X. 
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Given a pseudo metric for any d-Lipschitz continuous function j : X ^ 
we define the following semi-norm for /: 

\f{x)-j{y)\ 



x.ydx d{x,y) 

Given /ii and /i2, two positive finite Borel measures on X with equal mass, we 
denote by C(/xi,/i2) the set of positive measures on A"^ with marginals /xi and /i2, 
and define 



11/^1 -/U2|U= inf / d{x,y)iJ,{dx,dy). 

Definition 2.2 (Asymptotically strong Feller property). A Markov transition 
semigroup Pt on a Polish space X is asymptotically strong Feller at x if there 
exists a totally separating system of pseudo metrics {c?„}„ for X and a sequence 
tn > such that 

(2.1) inf lim sup sup | |Pt„(a;, ■) - Pt„{y, ■)\\d„ = 0, 

where = {U : U is the neighbourhood of x}. We call that Pt satisfies asymp- 
totic strong Feller property if it is asymptotic strong Feller at each x E X. 

Remark 2.3. If X has a metric, then the definition (12.1 p is equivalent to 

(2.2) lim lim sup sup ||Pt„(x, ■) - Pt^{y, ■)\\d„ = 0, 

r^On^oo yeB{x,r) 

where B{x,r) is the ball in X centered at x with radius r under this metric. 

The following two lemmas are Lemma 3.3 and Corollary 3.5 of [Mj respectively. 
The first one is a not difficult consequence of Monge-Kantorovich duality (|25j). 

Lemma 2.4. Let d be a continuous pseudo metric on a Polish space X and let ni, 
^2 be two positive measures on X with equal mass. Then we have 



ll/Ui - /i2||d = sup / ip{x){iJ,i - iJ,2){dx). 

Remark 2.5. By [25] (pp. 34), if d is bounded we have 

ll/ii - /i2||d = sup / V9(x)(/ii - /i2)(rfx). 

\W\\d=^ Jx 

ll¥'l|oo<||a!||oo 

Lemma 2.6. Let X he a Polish space and let {dn} he a totally separating system 
of pseudo metrics for X . Then, — /i2||ry = hiUn^oo ||/^i — /^2||d„ for any two 
positive measures fii and fi2 with equal mass on X . 

The following theorem is due to Hairer and Mattingly 
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Theorem 2.7. IfPt is an asymptotically strong Feller Markov semigroup and there 
exists a point x such that x e supp{fi) for every invariant probability measure of 
Pf, then there exists at most one invariant probability measure for Pf. 

Hairer and Mattingly proved by the above theorem, together with (11.41) . the fol- 
lowing important result: For 2D stochastic Navier-Stokes systems if at least two 
linearly independent Fourier modes with different Euclidean norms are driven, 
then the system is ergodic (see [21 Theorem 2.1] and the examples therein). 

With the above quick review of asymptotic strong Feller property, we are now 
at the place to prove Theorem 11.21 and Corollary II. 4[ 

Proof of Theorem M.B. For any bounded differentiable function /, we choose some 
constant e > small enough to make £||/||oo < 1/2. Applying the modified log- 
Harnack inequality (II. 3p to 2+2ef , there exist some constants a > 0, /3 > 0, C > 0, 
C > and some function 5{t) > with lim S{t) = such that 

t—^oo 

Pt log(2 + 2ef){y) < log Pt{2 + 2ef){x) + C\x - yl" 

+ 5{t)C\x-yf\\D\og{2 + 2ef)\\^, 

which clearly implies 

Pt log(l + ef){y) < log (1 + ePtf{x)) + C\x - yl" 
+ 2e5{t)C\x-yf\\Df\U. 

Since e||/||oo < 1/2, we have by Taylor expansion of the function log(l + x) 

(2.3) e[Ptf{y) - PJ(x)] < e^\\f\\l, + c\x - y\^ + 2e5{t)C\x - yfWDfW^. 

Dividing by e on the both side of the above inequality and exchanging x and 
one has 

(2.4) \P,f{y) - PJix)\ < eWfWl + + 25it)C\x - yfWDfW^ 

for any bounded differentiable /. 

Next, we follow the idea in p[¥; Proposition 3.12]. For any 7 > 0, we define 
the metric d^{x,y) = 1 A ^\x — y\ for any x,y E X. It is clear that ||(i^||oo := 
^^Px,yex d"y{x,y) < 1. For any / differentiable function with < 1 and 

ll/IU < IM7II00 (recall Remark |23]), by \\f\U^ < 1 one has \\Df\\^ < ^. (El 
implies 

Jx Jx £ 7 
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Since each bounded / with < oo can be approximated by bounded differ- 

entiable function sequences, the above inequahty and Lemma 12.41 imphes 

£ 7 
Taking 7 = \/5{n) and e = \x — we have 



(2.5) ||P„(x,-)-P„(z/,-)IU.„ < {l + C)\x-yf^ +2^5{^)C\x-y\P. 

which, by (12. 2p . immediately imphes that {Pt)t>o is asymptoticaUy strong Feller 
at X. □ 



Proof of Corollary From (12. 4p . taking e = \x — y\ and letting ?/ — )■ x, we 
immediately obtain (II. 5p . □ 

3. An example and Proof of Theorem 11.51 

In this section, we shall study 2D stochastic Navier-Stokes equation driven by 
highly degenerate but essentially elliptic noises as an example satisfying our mod- 
ified log-Harnack inequality. 2D stochastic Navier-Stokes equation has been inten- 
sively studied in [H], |20], |8], [10], [E] and the references therein. 

Let us first give a quick introduction to the background of 2D stochastic Navier- 
Stokes equations. 

3.1. 2D stochastic Navier-Stokes systems. Let = (R/27r)2 and let 

Li{rx) = {xeL\r,R'y, [ x{Od^ = o}, 

H = {x e Lo(T^M2); divx = 0}. 

Moreover, 

I ■ I and (-, ■) denote the norm and the inner product of H respectively. 

Let V : Lq(T^,R^) H he the orthogonal projection. Define the Stokes operator 
by 

A = Vi-A) 

with A being the Laplacian on Lo{T^,M.'^) and D{A) = H^{i:^,M.'^) f] H. It is 
well known that {e^ = ^e^*^'^ : A; G \ {0},x E T^} is an orthonormal basis of 
Lg(T2,R) and that A is self-adjoint with the spectrum {-|A;|2 : k e Z"^ \ {0}}. It 
is also clear that Ae^ = —\k\'^ek- For any real number a, one can define (—A)" by 
the spectral decomposition as 

(-A)°= Yl l^l'"efc®efc. 

kez'2\{o} 
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We can define the a order Stokes operator by 

A" = P(-A)° 

with the domain defined by (13.11) below. 

Under the orthonormal basis {(^k\k&?\{<i]-, H can also be defined by 

H = Ix = XfcCfc : Xk G M^, ■ = 0, < oo > . 

[ A:6Z2\{0} fcGZ2\{0} J 

Furthermore, we define 
(3.1) 

£)(A°) = < X = ^ XfcCfc : Xfe G M^, /c ■ Xfc = 0, ^ |A;|^°|xfc|^ < oo 
[ fcez2\{o} /cez2\{o} 

It is clear that if a > we have the following Poincare inequality 

|x| < \A''x\ 

for any x G D{A'^). 

We shall study the following highly degenerate 2D stochastic Navier-Stokes type 
equation 

idXit) + [vAX{t) + B{X{t),X{t))]dt = QdWt, 
[X{0) = x, 



(3.2) 
where 



• z/ > is the viscosity constant. 

• The nonlinear term B is defined by 

B{u, v) = V[{u ■ V)v], B{u) = B{u, u) \/ u,v e H\T'^, W^) n H. 

• Wt is the cylindrical Brownian motion on H and Q satisfies the highly 
degenerate condition as in Assumption 13. 1[ 

Given a G N, define a project map ttn : H ^ H as follows: for any x G if 
with X = Y.kez2\{o} ^kek, define 

VTatX = ^ XfcCfc. 

\k\<N 

We split the space H into the low and high frequency parts as 

H = ttnH + {Id - tin)H 
where Id is the identity map. For the generic G N we write 

:= ttnH, := {Id - nN)H. 
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For any x & H, := Tr^ra; and x'' := {Id — TTfyf)x. It is clear that for any a > 
one has 



(3.3) < N"^\x'\, lA^a;"! > A^^^jx"]. 

Assumption 3.1 (Highly degenerate but essentially elliptic noises assumption). 

There exists some fixed Nq such that Ran{Q) = := unqH and Qx = for 
any x G H'^. 

Remark 3.2. From this assumption, we clearly have tr{QQ*) < oo and that the 
operator Q : ^ is invertible, i.e. there exists some Cq > such that 

(3.4) \Q-'^x\ < Co\x\ 

for any x G . In our proof, we shall choose some large (but fixed) Nq to make 
the noises QdWt have essential ellipticity effect (see section 5.4 of ^14j). 



Let us now write Theorem 11.51 in an exact form as the following Theorem 13. 3[ 
which will be proven in next section. 

Theorem 3.3. There exist some C = C{\x\, \y\) > and C = C(|a;|, \y\) > such 
that as uNq > \tr{QQ*) and v > max{tr{QQ*), C2} with C2 > defined in f l3.16p 
below, for any bounded differentiable function f > I we have 

Pt log f{y) < logPJix) + C{\x- y\' + \x - y\') 

+ e-(-^o^-|*-(W*))*C'|a; - y 1 1 |Z} log /| U- 
The exact values of C and C can be easily figured out from the proof. Moreover, 



3.2. Proof of Theorem 13.31 We shall apply asymptotic coupling method in the 
spirit of the idea in [14, Proposition 4.11]. For the more application of this method, 
we refer to [8], [I2], [20] and [I6]. 

Our application of the asymptotic coupling method is sketched as follows. Give 
any v G ^^^^([0, 00); H) adapted to J-'t := cr{Ws; < s <t), define 

(3.5) Wt = Wt+ [ Vsds, 

Jo 

by Girsanov theorem, we have a new probability measure P under which ly is a 
Brownian motion. This probability P is uniquely determined by 

(3.6) ^Ij-, = exp | - ^ VsdWs -\ \vs?ds^ . 
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Consider the SPDE 

jdY{t) + [AY{t) + B{Y{t))]dt = QdWt, 
^ ^ ^ \y{0) = y. 

Denote Z{t) = Y{t)— X{t), it is easy to see that 



(3i 



dtZ{t) + AZ{t) + B{Z{t)) + B{Z{t),X{t)) = Qvt, 
Z{0) = z. 



where -B(x, y) = B{x, y) + B{y, x) and z = y — x. 

Eq. (13.81) can be spht into two pieces, i.e. low frequency and high frequency 
dynamics as the following 

(3.9) dtZ'{t) + AZ'{t) + B'{Z{t)) + B'{Z{t),X{t)) = Qvt 
with Z'{0) = z', and 

(3.10) dtZ\t) + AZ\t) + B\Z{t)) + B\Z{t),X{t)) = 
with Z'^(O) = 

Let us choose the v in the following way. First of all, let 



(3.11) 



Z^t) = {l-t)z^ 0<t<l, 
Z^{t) = t > 1. 



Plugging this Z^{t) into (13.101) . we obtain the following PDE with unknown Z'' 
'dtZ\t) + AZ\t) + B\Z'{t) + Z\t)) + 5^(Z^(t) + Z\t),X{t)) = 0, 

z'^(o) = 2^ 

which has a unique solution by the same method as in [2^ Theorem 3.2]. 
Now Z{t) = Z^{t) + Z\t) is known. From Eq. ([SJ]), we have 



(3.12) vt 



Q-^[-z^ + {1 -t)Az' + B^{Z{t)) + &{Z{t),X{t))] 0<t<l, 
Q-'[B'iZ'{t)) + B'{Z'it),Xm t>l. 



By the relation Z = Y — X, we also have 
(3.13) vt-- 



Q-\-z' + (1 - t)Az' - B\Z{t)) + B\Z(t), Y{t))\ < t < 1, 
Q-\-B\Z\t)) + B\Z\t), Y(t))\ t > 1. 



To prove Theorem 13. 3[ we need the following auxiliary lemmas which will be 
proven in the next section. 
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Lemma 3.4. Let / > with E/ > 0. Then for any measurable function g, we 
have 

nfg] < E/ log Ee^ + E[/ log /] - E/ log E/ 
Lemma 3.5. As v > 2tr{QQ*), we have 



Epexp (^|X(t)|2 + z/^ \A^X{s)\^ds^ <e 
Epexp (^|F(t)|2 + z/^ \A^2Y{s)\'^ds^ <e 



y|2+tr(QQ*)i 



Lemma 3.6. We have 

(3.14) {x, B{y, x)) = 0, (x, B{y, z)) = -{z, B{y, x)) 
for all x,y E D(A^) and z E D(A^). Furthermore, we have 

(3.15) \{x,Biy,z))\<C^\x\\y\\Alz\ 

3 

for all x,y E H and z E D{A2), and 

(3.16) \{x,B{y,z))\ < C2\x\^/^\Ah\'/^\y\^/^\A^y\^/^\Ah\. 

for all x,y,z E D{A^). The constants Ci,C2 both only depend on the space di- 
mension. 

Lemma 3.7. For any x,y E D(A^), we have 

(3.17) \B^{x,y)\<C^Nl\x\\y\ 
where Ci is the same as that in Lemma l3. 61 

Lemma 3.8. Letv be chosen as in fl332|) . For any p > 1, ifv > m&x{C2^/p/2,2tr{QQ*)} 
we have 

Ep sup |Z^(t)|2p < iTpcl^lV - y\^P, 

(3.18) 

Ep sup \Z\t)\^P < Kpc^y^ k-ypP; 

0<i<l 

and for t > 1 

Ep\Z\t)\'^ < exp {-i2upN', - triQQ*))t} ir.e^l^l'+^^^^o |x - y\'^, 
Ep|Z^(t)|2f < exp {-{2upN^ - tr{QQ*))t} J^pe^l^l'+^-f^o |a; - y\'P, 

where 

K, =2P-^exp \c,pNl[\x -y\^ + \x-y\) + + tr(QQ*)| 
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and Ci,C2 are the same as in Lemma \3. 6[ 



Proof of Theorem \3.3[ The second inequality in the theorem follows from Corol- 
lary 11.41 immediately. Let us prove the first inequality in the following two steps. 



Step 1. Recalling Eq. (13. 7p . for any bounded differentiable function / > 1 one 
has 

Pt\ogf{y) = Ep\ogf{Y{t)) = Ep\ogf{Y^{t) + Y\t)). 
By flXTTjl we have {t) = 0, i.e. X^{t) = Y^{t) for all t > 1, hence 

Pt log f{y) = Ep [log f{X\t) + Y'it))] , t>l. 



Writing z = x — y, by Lemmas 13.81 and 13.41 we have 
(3.20) 

Pt log f{y) = Ep [log f{X'{t) + Y\t)) - log f{X'{t) + X\t))] + Ep log f{X{t)) 

1 

< WDlog f\\^ {Ep\Z\t)\'y +Ep[— log f{xm 



< exp <{ -{uN^ - -tr{QQ*))t + \y\' + uN^ } v/iri|^|||Z}log/||c 



c/P, dP 
dP^'^dP 



logEp/(X(t)) 



where Ki is defined in Lemma ESI For the entropy term above, by fl3.5p and f l3.6p . 



Ef 



(3.21) 



dP, dP 
dP^^'^dP 



Ef 



E, 



v,dW, 



v,dW, 



If J ds 



If J ds 



:Ep 



|fJ ds. 



We claim 
(3.22) 



E, 



/ \vs\^ds < (Li + L3)\z\^ + {L2 + Li)\z\^. 
Jo 



where Li ■ ■ • , L4 are defined in Step 2 below. From (13.201) . fl3.2ip and fl3.22p . we 

have 

Pt log fiy) < log Pt fix) + (Li + L,)\z\' + (L2 + L,)\z\^ 

+ exp |-(z/iV2 - itr(gg*))t+ + z/piVo^l I |Z} log /I U- 

By the definitions of Ki, Li, ■ ■ ■ L4 and recalling z = y — x, we conclude the proof 
up to proving f l3.22p . and can easily figure out the exactly values of C and C in 
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the theorem. 



Step 2. Let us prove flX^ . We first consider Ep \vs\^ds. By ([13]), f TOj) 

and \Az^\ < A^^q one has 

Ep < ?,Cl (^N^\z\^ + Ep \B'{Z{s))\^ + 
By Lemma [321 fl3rT8|) and |^'^(t)| < \z\ for < t < 1, we have 
Ep /" \B\Z{s))\^ds<ClN^ f Ep|Z(s)|^(is 



= 8ClN^ Ep{\Z'{s)\^+\Z\s)\^)ds 
Jo 

<8ClNl^{l + K2e\y\")\z\\ 



Moreover, by Lemmas 13.71 and 13.5] fl3.18p and a similar argument as the above, 
one has 



\B'\Z{s),Y{s))\^ds <4ClN^ [ Ep\Z{s)\^\Y{s)\^ds 

Jo 

<4C^Nl^ [ {EpZ\s)y^Ep\Y{s)\^)-' ds 
Jo 

< ACfN^ {^pZ%s)) ^ (2Epel^(^)l') ' ds 

< 4V2C',N^Vl + K2e\y\'exp i^\y\' + hr{QQ* 



Collecting all the above, we have 

(3.23) Ep [ \vs\^ds < Li\z\^ + L2\z\' 

Jo 

where 



Now let us estimate Ep \vs\'^ds, by f l3.13p one has 

Ep \vs\^ds < 2C^Epjl (\B'{Z''{s))\^ + \B'{Z\s),Y{s))\^^ ds. 
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By a similar argument as for proving f l3.23p and thanks to fl3.19p . when uNq > 
\tr{QQ*) one has 



AvN^ - tr{QQ*) 



Ep \B'{Z\s))\^ds<ClNl Ep\Z\s)\'^ds < 
and 

Ep j' \B'{Z\s),Y{s))\^ds < 2ClNl^ j\p\Z\s)\^\Y{s)\^ds 
Therefore, 

(3.24) Ep \vs\'^ds < Lslzl^ + L^lzl'^ 

where 

_ 2CgCfAr6e^l^l'+^'-^oK2 , _ 4CgCfiV6v/2K^eil^l'+^'-^o 

^~ 4z/A/'2 - tr(gg*) ' ^~ 2z/A/'2 -tr(gg*) ■ 



□ 



4. Proof of auxiliary lemmas in section O 



Some of the first four lemmas are well known. Since their proofs are short, it is 
very convenient to repeat them here. 



Proof of Lemma \3.Ji\ Since all the expectations restricted on the set {x : f{x) = 0} 



are zero, without loss of generality, we can assume that / > a.e.. We can also 
simply assume that E/ = 1, otherwise one can replace f by We have 

E[fg] <E[f log e^] = E[/ log j]+E[f log /] 



< log E[fj] + E[f log /] = Ee^ + E[/ log /]. 



□ 



Proof of Lemma 1 5'. 51 The proofs for the two claims are the same, so we only prove 
the first one. By ltd formula, we have 



X{t)\^ + u f\A^X{s)\^ds 
Jo 



'0 

\x\^ + tr{QQ*)t + 2 [ {X{s),QdWs) - [ \A^ X{s)\'^ds. 
Jo Jo 
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By |x| < \A^x\ and \Q*x\'^ < tr{QQ*)\x\'^, we have 
Epexp {X{s),QdWs) - u |A^X(s)|^cis| 

<Epexpi^2 j^{X{s),QdWs) -2 \Q* X{s)\^ds + {2tr{QQ*) - u) \X{s)\^ds^ . 

Since exp |2 /g (X(s), QdW^) - 2 |g*X(s)|2rfs} is a martingale, as > 2tr{QQ*), 
one has 

□ 

Proof of Lemma \3.6l fl3.14p is classical, one can, for instance, refers to [24j . We 
clearly have 

\{x,B{y,z))\ < \x\\y\\\Vz\\^ < C,\x\\y\\Alz\ 

since z = ^ z^e^'^'"^''^ and hence 
fcez2\{o} 



fcgz2\{o} Y fcez2\{o} Y fcez2\{o} 

As for ( I3.16p . by Holder's inequality, the classical Sobolev embedding ||?/||l4 < 
C 7/ 1 ([131 Theorem 6.16 and Remark 6.17]) and the easy interpolation \Aix\ < 
|a;|-^/^|A2a;|"^/^, we have 

□ 

Proof of Lemma \3. 7[ For any z E H with = 0, it is clear from the first inequality 
of diSD that 

\Aiz\ < Nl\z\. 

By (IXTij) and (IXT^ . one has 

\{z,B\x,y))\ = \{y,Bix,z))\ < CM^^ ^Ml^l < C,Ni\y\\x\\z\ 

□ 

Proof of Lemma \3. 81 . The proof of the claims for P and P are the same, so we only 
show that for the former. We split the proof into the following three steps. 

Step 1. By (13.101) we have 
(4.1) dt\Z\t)\^ + 2u\A^Z\t)\^ = -2{Z\t),B\zm-^{Z\t),B\Z{t),Xm- 



MODIFIED LOG-HARNACK INEQUALITY AND ASYMPTOTIC STRONG FELLER 15 

By dSISD, flXT^ and we have 

{Z'^, B\Z)) = {Z\ B{Z^) + B{Z\ Z') + B{Z^)) 

(4.2) = (Z^ B{Z\ Z^)) + {Z\ B{Z^)) 

<CiNl{\Z'\\Z^\^ + \Z'\''\Z^\). 

As for the second term on the r.h.s. of (14.11) . we have by (13.161) 

(4.3) \{Z\B{Z,X))\ <C2\Z''\^'M^Z^\^/^\Z\^/^\A^Z\^'^\A^Xl 
and have by (jSHD, fl37[5|) and ([33]) 

(4.4) \{Z\B{X,Z))\ = \{Z\B{X,Z''))\ < C^N',\Z'^\\X\\Z^\. 

Step 2. Let us now estimate ]Esupg<^<]^ \Z\t)\^P. By (112]), Cauchy inequahty 
and \Z^{t)\ < |z| for < t < 1 (see flHTT]) ) one has 



\{Z\B\Z))\ < CrNM\Z'\' + ^CiiV^kn^T + ^C'liV^I^'^ 



<CiN'^{\z\' + \z\)\Z'\' + CiN'^\z\\ 
Applying Young's inequahty (two times), (14. 3 p and \A^z^\ < Nq\z\, we have 

\{Z\B{Z,X))\ < -\A^Z%A^Z\ + ^\A^Xf\Z^f + ^\A^Xf\Zf 



4z/ 



4z/' 



2' 

< %\A^Z'^\^ + ^lA^Zf + ^i^lxHz'^l^ + %A^X\^\Z'\^ 



4 

3z/ 



4z/ 



4z/ 



2\ryh\2 



|2| ^|2 



4z/ 



4i/ 



By (Ha]), |X| < |A5X| and \Z\t)\ < |/| for < t < 1, we get 
\{Z',B{X,Z))\< 



The above three inequahties and (14.11) imply 

dt\Z\t)\'< 



C,Nl{\z\^ + \z\) + ^\A^X\^ + ^ 



+ 



CiNl\z\'' 



urn 



|2 , ^2 

4z/ 



\zr + ^\A-2X\'\z\' + 



^\A^X\'\z\' 



thus for any < t < 1 



X 



2T + c^i^okr + 



z^Ar2 



CI , CiAr3 



|A2X(s)|2(is 
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It follows that 



0<i<l 



sup \Z\t)\^P <2P-^e^^\C^pNl{\z\'' + \z\) +^:^^^^ / \A'2X{s)\^ds 



I 4Z/ Jo 



By LemmaESl &s u > meLx{C2y/p/2,2tr{QQ*)}, 



\A2X{s)\^ds 



|2p 



Eexp 



4z/ 



\A-2X{s)\'ds } < e 



and 



< 



pi 



Civ 



Eexp 



|A2X(s)|"rfs \ <p\ 



Civ 



Au J [ Au Jq J V 4z/ 

Collecting the above three inequalities, we get 

E sup \Z\t)\''^ < 2^-^xp \c^pN^{\z\' + \z\) + 



0<t<l 



X 



. ^ ^.3 ''N^Y Jci CiNiy [cIp 



g|a;|2+tr(QQ*)|^|2p 



S'te]) 3. kst> 1, = by fl3TT]l . From fl41|) - fl011 . 

(4.5) dt\Z^\'' + 2p\A^Z^\'' < C2\Z^\\A^Z^\\A^Xl 

which, together with Young's inequality, implies 

dt\z'\^ + v\A^z'\^ < ^\aIx\^\z'\\ 



By the second inequality of (13.31) we further have 

cl 

4z/ 



dt\Z'\^ + uNl\Z'\^ < ^\A^X\^\Z'\\ 



Therefore, for alH > 1 

E|Z'^(t)|2p < Eexp ^-upNlit - 1) + \A^X{s)\^ds^ \Z\1)\^p 

< (^Eexp|-2z/pAr2(t-l) + ^^Vlx(s)|2rfs|^ ^ (E|Z'=(1)|^^')'^' 



< exp {2iypN^ + \x\^ - {2upN^ - tr{QQ*))t} {E\Z'{1)\*p) 



4p\ 
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as z/ > max{C2A/p/2, 2tr{QQ*)}, where the last inequahty is due to Lemma IX^ 
This, together with the last inequality in Step 2, immediately implies f l3.19p □ 
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